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PAC learning

PAC learning

Algorithm A

C is PAC learnable iff: dA,Ve, VD, Ve, o6,
A(EX(c,D),e,0) — hst. P(errp(h) > ¢€) < 0
where errp(h) = Pyp(h(x) # c(x)).
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PAC learning

PAC Learning under Classification Noise [Angluin-Laird, 88]

c(x) with prob. 1 —
EX(y(e, D) : (x,c"(x)) s.t. ¢(x) = { 1(—)c(x) with prob, Z
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PAC learning

PAC Learning under Classification Noise [Angluin-Laird, 88]

p(l’ 3'7 1712r]/,)

Algorithm A

C is PAC learnable under CN iff: 3A,Vc, VD,
Ve, d8,¥n < np < 1/2, A(EX}\(c, D), €,8,1p) —
hs.t. P(errp(h) > €) < 6.
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PAC learning

Constant Partition Classification Noise [Decatur, 1997]
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M= {m,...,mx}: partition of Xx{0,1}
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PAC learning

Constant Partition Classification Noise [Decatur, 1997]
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M= {m,...,mx}: partition of Xx{0,1}

M=, mi], mi € 10,1/2]
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PAC learning

Constant Partition Classification Noise [Decatur, 1997]
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PAC learning

Constant Partition Classification Noise [Decatur, 1997]

EXlpen o (x,c"(x)) s.t.

c(x) with prob. 1 —n;
c(x) = ¢ 1—c(x) with prob. 7;
where 7;((x, c(x))) =1
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PAC learning

PAC Learning under CPCN [Decatur, 1997]

Algorithm A

C is PAC learnable under CPCN iff: 34, Vc, VD, Ve, 6,
VI = {m1, ...,k }, Vb, Y1 = [1..0k] st i < mp < 1/2,
A(EXpen(c, D)€, 8,mp) — hst. P(errp(h) > €) < 4.
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PAC learning

CN: a particular case of CPCN

X x {0,1}
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PAC learning

Class Conditional Classification Noise

X x {1} X x {0}

o

Noise rates only depend on the class of the example.
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PAC learning

Class Conditional Classification Noise

EXI st

1(x) = 1 with prob. 1 —n! and 0 with prob. n' if ¢(x) =1
V)= 0 with prob. 1— 170 and 1 with prob. 7° if ¢(x) =0
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PAC learning

Learnability Classes

@ CN: Classes PAC learnable under Classification Noise.
@ CCCN: Classes PAC learnable under Class Conditional
Classification Noise.

@ CPCN: Classes PAC learnable under Constant Partition
Classification Noise.
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PAC learning

CN = CCCN = CPCN

Trivially,
CPCN C CCCN C CN

We prove that

CN C CCCN and CCNN C CPCN.
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CN = CCCN

Outline

@ CN = ccen

Liva Ralaivola, Francois Denis, Christophe N. Magnan CN=CPCN



CN = CCCN

CN C CCCN

@ Given A that PAC-learns C under CN,
@ let us design A’ that PAC-learns C under CCCN.

Idea:
@ Add class conditional classification noise to the examples

1.0
drawn from EX[Can]N], according to a tuning parameter 7, in

order to approach uniform classification noise: S, .
@ For each value of v, let A(S,) — hy;
@ Select a hypothesis from H = {h,,,..., hy}.
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CN = CCCN

Adding noise

Let v = [p, s] where p € [0,1] and s € {0,1}.
Add CCC noise according to [ps, p(1 — s)].
The resulting noise is

{ =0 —-p)nt+(1-s)p
i =(1—p)n°+sp

I /| —1ifpl >0 :
Let popt = N — and sgpr = 1 if n* > 1" and 0 otherwise.

max(nt,n°)

Tt 77 o - Remark that 7%, n' < 15 = Nopr < M-

where 7t =
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CN = CCCN

Adding noise

Liva Ralaivola, Francois Denis, Christophe N. Magnan CN=CPCN



CN = CCCN

Adding noise
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CN = CCCN

noise

H= {h’O7 hla hQ}
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CN = CCCN

noise
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CN = CCCN

Adding noise
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CN = CCCN

Adding noise

"'7hm71}
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CN = CCCN

Adding noise

L p=mT

17

H = {h07 hla h27 ) hk’*a cey hia tey hmfla hm}
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CN = CCCN

Approaching nopt

I=p(1/€e,1/6,1/(1 — 2np)): number of examples required by A to
learn C under CN with learning parameters ¢, 9.
S=A{(x1,c),...,(x1,¢c)}: sample drawn according to EX(c, D).
Add to S

@ uniform classification noise: S",

o CC classification noise: S""
in such a way that

o S follows the distribution EX/,,,

o ST follows the distribution EXT:7
oliows e distripution CCCN'

e With probability > 1 — I\/Iax,-ln" — 1), a given example of S has
the same label in S” and S™7".
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CN = CCCN

Approaching nopt

Let ast. |nf —n| < afori=0,1= Pr(S"#81"1) <.

Suppose that |7 — 7ope| < a for i =0, 1.
The probability that A(S7T) provides a bad hypothesis is smaller
than

o the probability that S7ert £ ST
@ the probability that A(S"rt) provides a bad hypothesis

Lemma: The probability that A(Sﬁoﬁl) provides a bad hypothesis
is smaller than 24.
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CN = CCCN

Tuning the increment 7

Given €,0,mp and | = p(1/€,1/6,1/(1 — 2np)), the number of
examples required by A to learn under CN.

Lemma: If we set 7 = d//, with probability > 1 — 2§, H will
contain a hypothesis h* s.t.

errp(h*) <.
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CN = CCCN

Minimizing the empirical error on noisy data

Let p = P(c(x) = 1). For any h:
P(h(x) # ¢ (x)) = pn* + (1 — p)°
+ (1 =271 P(h(x) = 1, c(x) = 0)
+ (1= 2°)P(h(x) = 0, c(x) = 1)

Therefore,

< P(h() # () = (pn* + (1= p)n®).

h
errp(h) < T

Minimizing the empirical error on noisy data is a good strategy.
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CN = CCCN

Selecting a correct hypothesis.

@ Draw a new test set S containing

1 16/
0 (52(1 212 In 52>

examples according to EXgCCN

@ Select the hypothesis hp,;, from H that minimizes the
empirical error on S.

With probability > 1 — 3, hpj, has true error lower than e.
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CN = CCCN

CCCN=CN

Proposition: Any concept class that is efficiently CN-learnable is
also efficiently CCCN-learnable:

CN C CCCN.
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CCCN = CPCN
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© CCCN = cPCN
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CCCN = CPCN

CCCN C CPCN

@ Given A that PAC-learns C under CCCN,
@ let us design A’ that PAC-learns C under CPCN.

Idea:
@ Given a partition I of X x {0,1}, refine it to build a partition
of X,
@ Transform the original problem in k learning problem under
CCCN.
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CCCN = CPCN

Partitioning X

=

T, MM T, M2, M

T3, M, 12 T4, 12, 12
%4

x ~ x' iff

(x,0) ~x (x',0) and (x,1) ~, (X, 1)
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CCCN = CPCN

Partitioning X

=

T, MM T, M2, M

T3, M, 12 T4, 12, 12
%4

In each part of M, the noise rates are constant
within each class label.
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CCCN = CPCN

Partitioning X

In each part of M, the noise rates are constant
within each class label.
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CCCN = CPCN

Partitioning X

H(,O)
m

1,
Il
The original CPCN learning problem yields ||
CCCN learning problems.

1, T
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CCCN = CPCN

Learning under CPCN

i n
Given access to EX/pqy(c, D),

o Compute M = {71,..., 7},
e Eliminate parts 7; such that D(7;) too small,

e For every remaining part 7, learn ¢ using EX/-y(c, Diz).
Let hy, ..., hx the output hypotheses: they are sufficient to learn c.

In order to get proper learning,

@ Use the learned classifiers hy, ..., hi to relabel the examples
n
drawn from EXp-p(c, D),

@ Use these new examples to learn a classifier h € C.
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CCCN = CPCN

CCCN = CPCN

Proposition: Any concept class that is efficiently CCCN-learnable
is also efficiently CPCN-learnable:

CCCN C CPCN.
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Conclusion

Conclusion and prospects

@ We have shown that CN = CCCN = CPCN given a bound 7,
of the noise rates.

@ Can this condition be ruled out?

@ We have supposed that the noise rates are < 1/2. What
results hold when the noise rates € [0, 1]?
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